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Abstract— Several well-known structure-based constructions we review the terminology of voltage graphs. In Section lll,
of LDPC codes, for example codes based on permutation and we show how graph-based codes can be obtained algebraically
circulant matrices and in particular, quasi-cyclic LDPC codes, oy yoltage graphs, and illustrate this using the Sridhara
can be |nterpreted via algebraic vqltqge assignments. We phain Fuia-T SET) LDPC cod d b d LDPC cod
this connection and show how this idea from topological grap uja-Tanner ( ) ) codes an .array "?‘Se_ . coaes
theory can be used to give simple proofs of many known &S examples. In Section 1V, the notion abelian-inevitable
properties of these codes. In addition, the notion of abeli@ cycles is introduced and the isomorphism classes of subgrap
inevitable cycle is introduced and the subgraphs giving rie to  (or equivalently, matrix substructures) that give rise hese
these cycles are classified. We also indicate how, by using 180 oy cjes in the LDPC Tanner graph are identified and classified.
sophisticated voltage assignments, new classes of good LDP
codes may be obtained. The results presented h_ere correct and,.subsequgntlyxcbxte

the work from [16]. Ongoing work addressing how this method
|. INTRODUCTION may be used to construct new families of LDPC and other

Graph-based codes have attracted widespread interest giah-based codes is outlined in Section V.
to their efficient decoding algorithms and remarkable perfo
mance on several communication channels. However, theoret
ical results that give proof of when they are good and how A binary low-density parity-check (LDPC) code is defined
to design them are hard to come by. Much work has focusby a sparse parity-check matrii¢ or, equivalently, by the
on understanding the asymptotic performance of ensemblesreidence graph off called theTanner graph The left and
these codes for block lengths tending to infinity. For padti right vertices are calledrariable nodes andcheck nodes,
implementation, the design of short to moderate length sod@spectively. The set of codewords is the set of all binary
with algebraic structure is desired. Several researchave hassignments to the variable nodes such that at each check
proposed structure-based constructions of these codesaaghd node, the modulo two sum of the variable node assignments
of these constructions has aimed to optimize one or marennected to that check node is zero. The notiosafering
properties in the resulting graph that intuitively imprdlae re- graphs (ofifts of graphs) enters into the analysis of the graph-
sulting code’s performance, such as girth, expansion, eiam based iterative decoder in the explanation of pseudocomdisno
stopping sets, or pseudocodewords. One area of recerashtefl1], [14], [17], [25].
is protograph LDPC codesvhich are codes based on graphs In an entirely different context, various researchers have
obtained by taking random lifts of a suitably chosen badeoked at constructing families of LDPC codes by taking
graph, orprotograph However, many of these constructiongandom lifts of a specially chosen base graph, or “protdgtap
appear ad hoc and there is a serious lack of a mathematigelding the so-called “protograph codes” [24], [6], [719].
theory in designing these graph-based codes. In this waek, Whe idea exploited in these constructions is that the ptigser
aim to bridge this gap by unifying several different fanslie of the base graph may shed light on the properties of the
of graph-based codes under one common framework—namelyyering graphs, and therefore on the resulting codesethde
codes on graphs arising a&sltage graphs random lifts of graphs have been heavily studied (see, for

We consider a voltage graph viewpoint from topologicaixample, [18], [1], [2]). While these codes have exhibitedd
graph theory wherein specific lifts of graphs are determiriad performance, we believe that constructions using algealtgi
“voltage assignments”, i.e., assignments of elements af-a slesigned lifts may outperform these random methods as well
calledvoltage groupto the edges of a base graph, thus makires provide a good handle on the code properties such as
the lifting entirely algebraic. This algebraic charactation of minimum distance, girth, stopping sets, and pseudocoad#svor
lifts is a powerful tool for analyzing several graph propest  An algebraic construction of specific covering spaces for
of the resulting lifts using the properties of the base grapbraphs was introduced by Gross and Tucker in the 1970s
In this paper, this tool is applied to codes that are amenalpi]. Given a graphX = (Vx, Fx) where each edge in
to voltage graph interpretation, and consequently, theiply X has a positive and negative orientation, a function
properties are better understood. called anordinary voltage assignmenmaps the positively

The paper is organized as follows. We introduce sonmiented edges to elements from a chosen finite gteugalled
preliminary definitions and notation in Section Il. In pacdiar, the voltage group The negative orientation of each edge is

Il. PRELIMINARIES



\oltage graphs have been successfully used to obtain many
instances of graphs with extremal properties; see [9],[B],
[31.

IIl. CODES DESCRIBED USING VOLTAGE TERMINOLOGY

We now describe three popular families of quasi-cyclic
LDPC codes proposed in [22], [23], [10] and [8], respectiyvel
and show how the codes can be interpreted via voltage graphs.

A. SFT codes [22], [23]

For a primeg, the integerq0, 1,...,¢—1} form a field un-
der addition and multiplication modulg i.e., the Galois field
F,. The non-zero elements &f, form a cyclic multiplicative

. . . roupF* of orderq — 1. Let j and k be distinct divisors of
assigned a voltage that is the inverse element of the voltage Py q J

Ad X Wi —

assigned to its positive orientation. The base graplogether 1 and Ie'ta andb b_e elements O]F.q with orQerSO(a) K

. . . . ando(b) = j, respectively. Form thg x & matrix P overF,
with the functione, is called anordinary voltage graphThe . o (s=1),(t—1) !

that has as itgs,¢) entry P, = b a yfor1 <s<j

values ofa on the edges are referred to aaltages A new ’

raphX ¢, called the(right) derived graphis a degre lift andl < ¢ < k.
gf)? d,h . Ig;( G v d gd Pt IeE g f' : i The LDPC code is constructed by specifying its parity check
then there is an edge froifu, g) to (v, gh) in X for each circulant sub-matrices as shown below:
g € G. Figure 1, which is taken from [13], shows a base graph

Fig. 1. A right-derived voltage graph with voltage grodp= Z/5Z.

X with voltages assigned to its edges from the additive group I Lo Loz o Lar—s
of integers modulo 5 (i.eG = Z/5Z), and the corresponding f — Iy Tap Tozp oo Tarnp (1)
right-derived graph obtained from this assignment. e e S

ij—l Iabj—l Ia2bj—1 v Iak—lb]‘—l

In the case that the voltage group is the symmetric group
S, onn elements, one can also view the p@lf, «) as aper- ) ) _ ) ) )
mutation voltage graphThe permutation derived graptxe Where I, is a ¢ x ¢ identity matrix with rows cyclically
has vertex sety x {1,...,n} and edge seEy x {1,...,n}. §h|ﬂed_ _to the Ieft_ bya: po_smons._ The cwculqnt sub-r_ngtrlx
If = € S, is a permutation voltage on the edge= (u,v) of I position (s, t) .Wlthl.n H is pbtalned by cyclically shifting
X, then there is an edge frofu, ) to (v, (i) in X for the rows of the |de|jt|ty matrix to t_he_ left b_lj’&t places. The
i=1,2,...,n. Note thatX® is a degreen lift of X rather resulting binary pgnty check matrix is of size x kg, which
than a degree! lift as it would be if viewed as an ordinary Means the associated code has a fate: 1 — (j/k). The
derived graph as discussed above. codes constructed using this technique are quasi-cyclic wi

For an edgee, let = and et denote the negative angPeriodk, i.e., cyclically shifting a codeword by one position
positive orientations, respectively, of A walk in the voltage within each of thek blocks of circulant sub-matrices (where

graph X with voltage assignment may be represented byeach block consists @fcode bits) results in another codeword.
the sequence of oriented edges as they are traversed, e.%.
W = eT'eJ?...eon where eachy; is + or — ande, ..., e, xample 3.1:A [155,64,20] SFT codeg(= 31): Setq =

are edges ir. In this setting, theret voltageof the walkj’ 31, k =5 andj = 3. Then we may take =2, b =5 in 5}
is defined as the voltage group product to h_aveo(a) = k ando(b) = j, and the parity check matrix
is given by
a(eft)o(e3?) ... alen")
L L Iy Is I
H= | Is Lo I Iy ILs
Iy Ly Iz Ly Iss

of the voltages on the edges @f in the order and direction
of the walk.

For example, the walk¥ = dTe~d~c* in the voltage (93x155),
graph of Figure 1 has net voltage+ (—2) + (—0) +1 = where I, is a 31 x 31 identity matrix with rows shifted
—1=4€Z/5Z. cyclically to the left byz positions.

The following theorem from [13] will be useful to us. As shown in Figure 2 and in [15], the Tanner graph of

Theorem 2.1:Let W be a walk in a voltage grapX with this code may be viewed as the derived graph arising from
initial vertex v. Then for each vertefw, ¢g) in X® for g € G, a permutation voltage assignment on the complete bipartite
there is a unique walkV, in X that starts at{v,g) and graph K35 on 3 right and 5 left nodes, where the voltage
projects down tolV. AssumelW = ef'e5?---e2n is closed, assignments come from the symmetric groSp; on 31
backtrackless, and tailless. Th#n,, for anyg € G, is a cycle elements, and the voltages are permutation elements that
on X if and only if the net voltage ofV is the identity of yield the shifts as given in the construction. For example,
G. the entrylys5: in the parity-check matrix corresponds to the



edge between the™ left node,s = 0,...,4, and thet™

right node,t = 0, 1,2 in the base grapli; 5 and a voltage I I I ... I I

equal to a permutation element that yields a circulant shift o1 P .. P;(j_’i)) P;(’;:?)

of 2°5¢ (mod 31). Thus, the circulant matrix; corresponds H(¢.50)=| ° ° T -~ F S :
to the voltage elementl 2 3 ... 31) € Ss; assigned to S : :

the edge from the)” left node to the0™ right node in 00 ... 0 L. puTHeED

K3 5. The circulantl, corresponds to the element (voItagezv
(13579 ...31246 ... 30) € S3; assigned to the edge
from the 1°¢ left node to the0*" right node inK3 5 and so
on.

herel is theq x ¢ identity matrix andP is theq x ¢ identity
matrix cyclically shifted to the right by one position. The
above code is an irregular quasi-cyclic code with block teng
N =gk and rateR =1 — 1.

The Tanner graph of the above code may be obtained via
a voltage assignment on the permutation voltage g@ph
which is the bipartite graph oh left verticesX andj right
verticesY and having edgeés,t), 0 < s <k—-1,0<t <
j — 1 and satisfyings € X, ¢t € Y, s > t . The edge that
connects thes™ left node to thet™ right node inQ, 5, for
0<s<k-1,0<t<j—1ands >t, is the permutation
7ts=t) wherer = (1 2 3 ... ¢) is the permutation in the
symmetric groupS,.

Tanner graph of an SFT code. Remark 3.2:The permutation voltages assigned to the

edges of the base graph in the above constructions belong to
Fig. 2. An SFT code viewed as a voltage graph. Note that thehgom the aN abelian subgroup of the symmetric gratjp More general
right is a schematic, as a true representation would havevasgble nodes, assignments of these voltages may yield codes that have girt
93 check nodes and 465 edges. and minimum distance not limited by the upper bounds (see
Section 1V) imposed by using abelian voltage groups.

B. Array-based LDPC codes C. Other constructions

Array-based LDPC codes were introduced in [10]. We One other notable construction of quasi-cyclic LDPC codes
present the construction and show how these codes canidédy Song, et al.,, [21] where the parity-check matrix is
interpreted as permutation voltage derived graphs in &stra composed of blocks of circulant matrices that are not neces-

forward manner. sarily shifted identity matrices, but rather matrices aisd
For a primeg and positive integey < ¢, the parity-check by superimposing shifted identity matrices. These are also
matrix of the array code is defined by amenable to the voltage graph interpretation where we allow
s , , , multiple edges between pairs of vertices in the base graph.
ror o 5;;’(:1)) IV. ABELIAN-INEVITABLE CYCLES

Hla,5) = : : : : ’ In [16], the authors attempt to classify matrix substruesur

pu—l:)(qfl) that, in quasi-cyclic LDPC codes, give rise to so-called in-
evitable cycles. However, they use brute force methods and
where! is theg x ¢ identity matrix andP = I, is thegx ¢ only generate a list of sub-matrices in the base graph parity
identity matrix cyclically shifted to the right by one pdsit. check matrix having up to ten ones that yield these inewtabl
The array code is quasi-cyclic with block lengdh= ¢? and cycles. In the following, we completely classify all such
rateR >1— <, submatrices, or equivalently, subgraphs, that generatseth
The Tanner graph of the above code may be obtained wgcles. We start by formalizing the notion of an inevitable
a voltage assignment on the permutation voltage g@&ph cycle suggested in those papers by introducing the term
which is the complete bipartite graph grleft vertices andj  abelian-forcing walk
right vertices. The edge that connects tideft node to the™ A sequence of vertices and edgeg vy ...v,_1€,v, 0N
right node ink; ,, for0 <s <g—1and0 <t < j—1,isthe a graph is called alosed walkif the verticesv;_; and v;
permutationt®®, wherer = (123 ... q) is the permutation in are the endpoints of the edge andv,, = vy. A closed walk
the symmetric grou, and=** is the permutationr applied wvpeqv; ... v,—1€,v, is backtracklessf e; # e; 1 for 1 <i <
recursivelyts times. n — 1. A backtrackless closed walkge vy ... v,—1€,V, IS
Eleftheriou, et al., proposed [8] a modification to the abowsaid to betaillessif ¢, # e;. A backtrackless, tailless closed
construction in order to obtain an efficient encoding. Thealk W is abelian-forcingif for each edge iV, the number
modified array code is defined by designing a parity-chedf traversals of that edge in the positive direction is th@ea
matrix H(q, j, k), for ¢ < j < k, as follows: as that in the negative direction.
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Lemma 4.1:An abelian-forcing walki¥ on X has net
voltage0 for any voltage assignmentto any abelian voltage
group G. Hence for eacly € G, the lift W, of W in X is
a cycle of lengthW|.

Proof: Since the voltage assigned to a negatively-
oriented edge is the inverse of the voltage of the correspgnd
positively-oriented edge, the first statement is clear. 3&e
ond statement is immediate from Theorem 2.1. [ |

Al %
C

Theta graph Dumbbell graph

Fig. 3. A theta graph and a dumbbell graph.

We defineU to be anabelian-forcing graphif there is an
abelian-forcing walk orlV' which uses every edge &f.

Definition 4.2: Let X be a graph. A positive integer is
an abelian-inevitable cycle lengtfor X if, for every abelian °
group G and every voltage assignment of G on X, the K23 as a subgraph, anfl 3 is the theta graph’(2,2,2).
derived graphX® must have a simple cycle of length Thus, Proposition 4.4 |mmed|ately gives that the glrth o th

The relationship between abelian-forcing walks and ahelia’@Mner graphs of the SFT codes is at most 12. This argument
inevitable cycle lengths is given by the next lemma, the pro8" dirth is much more concise than other proof methods
of which is immediate from definitions and Lemma 4.1 abov&Ych as in [23], [12]. The next result classifies the subgsaph

SFT code in Section Ill has girth 8 and, more generally, all
codes in the family have girth at most 12. The base graphs in
the SFT construction all contain the complete bipartitepra

Lemma 4.3:If X has an abelian-forcing walk of length
thenn is an abelian-inevitable cycle length fof.

that give rise to abelian-inevitable cycles, namely thdiabe
forcing graphs, and gives upper bounds on the girth of an

For the classification, we will need terminology for two mairP€lian voltage graph in terms of these subgraphs.

types of subgraphs. Define &m, b, ¢)-theta graph denoted by
T(a,b,c), to be a graph consisting of two verticesand w,

Theorem 4.5:SupposeX contains an abelian-forcing sub-
graph and letx be any abelian voltage assignment #6r Then

each of degree three, that are connected to each other & thy, 5 ¢ the following holds:

disjoint pathsA, B, C of (edge) lengthss > 1, b > 1, and
¢ > 1, respectively, and define @, as; b)-dumbbell graph

denotedD(ay, a2;b) to be a connected graph consisting of

two edge-disjoint cyclesd; and A, of lengthsa; > 1 and
as > 1, respectively, that are connected by a pBtlof length

b > 0. In the case thai = 0, we get a bouquet of two circles,
which we refer to as a@egeneratelumbbell graph.

1) X contains ar(a, b, ¢)-theta graph for some, b, ¢ > 1,
in which case the girth o “ is at most2(a 4+ b + ¢).
2) X contains an(aq, az; b)-dumbbell graph for some;,
as > 1 andb > 0, in which case the girth ok ¢ is at
most2(a; + az) + 4b.
Proof: By Proposition 4.4, it is enough to prove that

Note that if T'(a, b, c) is a subgraph of a simple bipartiteMust contain either a theta graph or a dumbbell graph. Withou

graph witha > b > ¢ > 1 thenb > 2 anda = b = ¢ (mod 2).
That is,a, b and ¢ have the same parity. ID(a1,a2;b) is a
subgraph of a simple bipartite graph with,a> > 1 and

loss of generality, we may assunié is abelian-forcing. Let
I" and A be distinct simple cycles oX of lengthsm andn
respectively. Lef be the set of vertices ihNA. We consider

b > 0, thenas,as > 4 and are even. The next proposition ighree casest/| = 0, |[I| = 1 and |I| > 2. If |[I[ =0, letv

a generalization of Exoo’s “Observation 1” [9].

Proposition 4.4:

1) If X contains an(a, b, ¢)-theta graph, theB(a + b+ ¢)

is an abelian-inevitable cycle length fof.
2) If X contains ar{ay, az; b)-dumbbell graph, thed(a; +
az) + 4b is an abelian-inevitable cycle length fof.

Proof: SupposeX contains an(a, b, ¢)-theta graph with
pathsA4, B and C. Then AB~'CA~'BC~! is an abelian-
forcing walk of length2(a+b+c¢). Similarly, if X contains an
(a1, az; b)-dumbbell graph with cyclesl; and A, connected
by the pathB, thenA4, BA,B~*A;'BA; ' B~ is an abelian-
forcing walk of length2(a; + a2)+4b. The result now follows
from Lemma 4.3.

The utility of this voltage graph viewpoint may been seeh > j + 1. Let A be the path;, v, ..

when one analyzes thgirth of the Tanner graph of the SFT

codes. The girth is the length of the smallest cycle in theathw;, w;_1, ..
graph, and is important as it measures the number of itetia (¢, k — j,j — 1 +n — k)-theta graph.

be any vertex o’ and letw be any vertex onA. Since
X is connected, there is a path in X from v to w. Write
P =P P,P;, whereP, C T, P; C A and P, shares edges
with neitherl" nor A; note that one or both aP; and P; may
be empty butP, is certainly nonempty. Thell U P>, U A is
the nondegenerate dumbbell grablim, n; b), whereb > 1 is
the length ofP,. Next, assumé/| = 1. ThenT U A is clearly
the degenerate dumbbell gragh(m,n;0). Finally, assume
|[I|] > 2, and writeT" and A in terms of their verticed” =
V1,V2, ..., Um, 01 ANd A = w1y, wo, ..., w,,wi. Without loss
of generality, we may assume = w; and there is somg> 1
such that; = w; for i < j andwv;y1 # w;y1. If 5 = |I|, then
TUA =T(a,b,c)witha=j—1,b=m—jandc=n—j. If

m j <|I|], then lett be minimal such that;,; = wy for some

., Vj+¢; let B be the
., wg; and, noting thay < k, let C' be the
W, Wy W1, ... Wg. TheNAU BUC is
]

path Wi, Wit1y - -

of decoding for which the messages passed along the grapkVe note that Theorem 4 in [20] is incorrect; the proof
remain independent. Indeed, iterative decoding is optiomal assumes the overlaps are consecutive although the statemen
cycle-free graphs. It was shown in [23] that ti&5,64,20] does not. Since Theorems 1 and 3 in [16] rely on this result,
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