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1. Some Preliminaries on time scales

A recert cover story in \New Sciertist," [3] reports of many important
applications concerningdynamic equationson time scales. Someof these
applicationsinclude a model of the West Nile virus, of electrical activity in
the heart, of the stock market, of combustion in engines,of bulimia and of
population modelsthat vary in cortinuoustime and discretetime, as well
as the study of the interfacesof nanoscalestructures enbeddedin other
materials.

A time scaleT is an arbitrary nonempty closedsubsetof the real numbers
R. ExamplesmclugeR the integersZ, the harmonicnumbersfH g5 where

Ho= 0andH, I1I,andqz—ng[qunZZgwhereq>1Onany
time scaleT we de ne the forward and badkward jump operators by:
(1.2) (t) = inffs2 Tjs>tg, (t):=supfs2 Tjs<tg;

whereinf ; := supT and sup; = infT: Apointt2 T;t> infT; issaidto
be left-denseif (t) = t; right-denseif t < supT and (t) = t; left-scattered
if (t) < t and right-scattered if (t) > t: A time scaleT is said to be
an isolated time scaleprovided givenany t 2 T, thereisa > 0 sud that
(t ;t+ )\ T = ftg. The graininessfunction for atime scaleT is de ned
by (t):= (t) t: ThesetT isderivedfrom the time scaleT asfollows: If
T hasa left-scatteredmaximum m, then T = T fmg. Otherwise,T = T.
Note that in the caseT = R we have

M= @®=t () O

1This work was done during the summer of 2003 at the REU site University of
Nebrasla-Lincoln, NSF grant number 25-0517-0041-001under the guidanceof Dr. Allan
Peterson.
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for T = Z we have
H=t+1L @®O=t L () L
for the caseq" = fq"'jn 2 Ng we have

®=q (= g; ®=(q 1t

and for the time scaleN§ := fn® n 2 Nog whereb2 N,

K1
=+ = 9 ©= )t
k=0

Forafunctionf : T! R the (delta) derivativef (t)att2 T isde ned
to be the number f (t) (provided it exists) with the property sud that
givenany > O; there existsa neighborhood U of t sud that

fFC @) f(s) f @OC @) 9 j ) sj forall s2T\ U:
The delta derivative is given by

ol|=x

FC@ @)

(t)
if f is cortinuousat t and t is right-scattered. If t is right-densethen the
derivative is given by

(1.2) fo()=

(1.3) o= lim O Ty, T T(S),
sl t t s t s

provided this limit exists. This de nition can be generalizedto the case

wherethe rangeof f is any Banad space.A functionf : T! R issaidto

be right{dense corntinuous (rd-continuous) if it is cortinuous at ead right{

densepoint and there existsa nite left limit at all left{dense points, and

f is saidto be di erentiable if its derivative exists. A usefulformula is

(1.4) foo=f =f+f

For a;b 2 T; and a di erentiable function F; the Caucy integral of
F = f isdened by

sl t

Z, Z,
f(t) t= F (t) t=F( F(a:
a a
We shall make particular useof the formula
(1.5) f(t) t= f(s) (s); a<b
a s2[a;b)

(see[1]) which holds for isolated time scales.



We say that afunction p: T! R is regressie provided
1+ ()p(t)6 0, t2T:

It turns out that the set of all regressie functions on a time scaleT
forms an Abelian group (seeTheorem 2.7 and Exercise2.26in [1]) under
the addition  de ned by

P g:=p+q+ pq
and the inverse p of the function p is de ned by
P .
1+ p~
We denotethe setofall f : T! R which are rd{continuousand regressie

by R: If p2 R, then we cande ne tge exponenial function by
t

ep(t; s) == exp ()y(p( )

S
fort 2 T; s 2 T; where ,(2) is the cylinder transformation, which is given
by

p:=

Log(1+ hz) . hé6 O
= h ! !
n(2) z, h=0
wherelLog denotesthe principal logarithm function. Alternately, for p2 R
one can de ne the exponertial function g,( ;to); to be the unique solution

of the IVP

X = p(t)x; x(tg) = 1L
We de ne
R =ff 2R :1+ (O)f(t)>0;t2Tg:

We shall be making heavy useof the properties

(1) eo(t;s)  Lie(tit) 1

(2) &( (1);to) = [1+ (t)p(t)]ep(t; to)

(3) ey = © p(tito) = €(tort)

(4) &(t; to)eg(t; to) = & qt; to)

(5) ep(tir)ep(r;s) = ey(t; s)
wherep;q2 R (seeBohnerand Peterson[1]).

Also if p2 R, then ey(t; s) is real-valued and nonzeroon T. If p2 R*;

then ey (t; to) is always positive. For 2 R; on the respective time scales,
the exponertial e (t; tp) is

R : ef(tt)

hZ : g+ h) °

¢ s2fto:py[1F (ﬂ> 1) slit>tg
fHagh = T ooit= b



2. General Results

We will be principally concernedwith the dynamic equation

(2.1) y pt)y=r(); t2T
on isolated time scales,wherep(t) 6 0; 8t 2 T : In particular, solutions
of the correspnding homogeneougproblemu  p(t)u = 0 can be usedto
nd explicit formsfor generalizedexponertial functions on a particular time
scale.

We beginby nding a variation of constarts formula for (2.1).

Theorem 2.1. Variation of Constants for First Order Recurr ence
Relations Assumep(t) 6 0; 8t 2 T : Then the unique solution to the IVP

y p(ty=r(); y(to) = Yo
is given by
‘e ((s)

y(t) = e 1(t; to)yo + t e 1(t; (S))E

We shall now give two proofs, one approading the problem as a rst
order dynamic equation, and a secondfollowing a method usedin the study
of di erence equations.

Proof. Usingformula (1.4), we may rewrite the correspnding homogeneous
equation as follows:

u = p(tu
u+ (Hu = p(t)u
(Hhu = (p(t) 1Lu
y = PO 1,

(t)
and soby the de nition of the generalizedexponertial asthe solution of an
IVP, we get that

(2.2) u(t) = ep 1(t; to)ug

whereug = u(tp): Using the variation of constarts formula found in Bohner
and Peterson[1], we nd the generalsolution to equation (2.1) is
t

(2.3) ORISRt (s))% s

wherethe argumeris have beensupressedn the subscripts, or alternately
Z .
‘ r(s)
o (S)P(s)er_1(s;to)

(2.4) y(t) = e 1(tito) Yo+
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We now derive the variation of constarts formula using a method analo-
gousto that usedin the di erence equationscase.First we prove a lemma.

Lemma 2.1. The exmnential function ep 1 (t; tg) is given by

Q
. ot ot
Q 2[to; ) p(l) 0 .

2t pLyr LS fo
Proof. Sincethe exponertial ep_:(t; tp) is the unique solutionto u = p(t)u

with u(to) = 1, wenote that =~ ,, ...y p( ) = 1 usingthe corvertion that
an empty product is the idertity, and for t > t, onemay simply iterate the
formula u = p(t)u. The caset < tq is similar.

e 1(t; tg) =

Considerthe dynamic equationy  p(t)y = r(t) wherep;r 2 C,q and
p(t) 6 0; 8t 2 T, and let u be a nonzero solution of the C(Srresp)nding
homogeneousquationu = p(t)u which by Lemma 2.1is = , ., P( ):

Let usassumethat y is a solution to (2.1) and now divide (2.1) by u (t) (t)

to get
y (1) p(y(t) _  r(t) |
u(t) (1 u(® @ u) @
Hence
y® o opmy®) _tw s oy -
u@® ® u® O () u(t) u ) (1)

Now, we may integrate both sidesfrgm totot to nd that
yi) Yo _ ' (9

uit) up g, U (9 (9
and thus we have
Z t
r(s)

to U (S) (9)

which, upon noting u(t) = ep 1(t; to)uo; is exactly (2.3).

y(t) = u(t) yo+t

SeeExamples3.1,3.2,3.4,and 3.7 for simpleapplications of the variation
of constaris formula.

For the caseT = Z, we know in the study of di erence equations(see[2])
that the solution to the problemy(t + 1) p(t)y(t) = r(t) is

X ()
(2.5) u(t) yo+ Wt D)

where u(t) is a nonzerosolution to u(t + 1) = p(t)u(t): Howewer, by the
de nition of the generalizedexponertial, this function u(t) is a constart
multiple of the exponertial e, 1(t; to); and p(t)ee. 1 (t; to) = €, . (t; to): Since
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on Z we have 1, the Caudy integral is exactly an inde nite sum, and
thus
0 1
X X1
= . = A
ut) o+ u(t+ 1) e 1 (t; to) @yo + e, . (s:t0)
0 7 o 1
= t; t + A
€ 1(t; to) @YO ()&, 1 (5:to) S
|
Z .
r(s
=epa(tity) Yo+t (s) S

(s)p(s)es_1(s;to)
Theorem 2.2. Factorization A solution to the dynamic equationu =
p(t)u; whee p(t) = pa(t)p2(t) :::pn(t) is
U(t) = €pypoipn 1 (t, tO) = EM (t, to)em (t, tO) .. €pn 1 (t, tO):

Proof. We note that
a 1l b 1 ab 1

for any a;b, and by induction that
€pippipn 1 (o) = €p 1 b2 1 pn 1(E5 o)

= ep; 1(t;to)en, 1(t; to) iiiemn 1(t; to):

A basicapplication is given in Example 3.3.

2.1. Series Solution. A useful tool for looking at isolated time scalesis
the courting function n; de ned

t

s ()

Note that using(1.5) the valuesof this function areintegers,wherethe value
of the function n; courts the number of points in the half openinterval [s;t)
fort s andis the negative of the number of points in [t; s) fort < s: On
an isolatedtime scale,n.( ¥(s);s) = k, with the corvertions  X(t) = X(t)
and ©(t) = t. For example,for the time scaleN®;b> 0,

n(t; s) :=

ne(t; s) = Fgf Rs
and for ¢ the courting function is given by
Int Ins _

t
ne(t; s) = ng %% g
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The courting function provides an erumeration of the time scale which
can be quite usefulin formulas for exponenial functions, particularly when
consideringthe product formula for exponertials givenin Lemma?2.1. We
usethis courting function in the following theorem.

Theorem 2.3. Series Solution The sum
y(supT) LR r
p(t)p ()p *(t) :::p(supT ) o PP P M) :p (1)
is a solution to (2.1) where supT = maxT 2 R, andif supT = 1, thena
solution is given by the in nite series
X r
o PP (OP *(®) :::p (1)

k times

(2.6)

(2.7) y(t) =

wheneverthis seriesconveilges,where y “ denotesy( ( (:::( (t))::2)):

Proof. Obsene that equationy  p(t)y = r(t) canbe re-expressedn the

r +y

formy = 0% and that y = U — and thusy = ”?

Continuing this process,

; 2(t)+ +y(sup T)

p %(t)
yiy= 0 > 1) -
p(t)
whensupT exists, and formally we get

P L {O*
ro(t)+ 5 p (1)

p_"(t)

m=_"0" ()

if supT =1:

Consider rst the casewheresupT is nite. The ascendingfraction can
be expandedinto the sum

r@ .,  _r@® ..., r(supT ) N y(supT) .

p(t)  p(t)p (t) p(t)p (1) :::p(supT )  p(t)p (t):::p(supT )
Sincethere is one summand with the function r(t) for ead point in the

interval [t; supT), the number of sudh summandsis n{(supT;t) and thus
starting our index at zero, theseterms conbine as

ne(sugTt) 1 r k(t) B ni(sypT ;1) r k(t) |
o POPMPIM:ptM) L PP P M):p M)




For supT = 1 ; formally expanding the ascendingcortinued fraction
yields the in nite series

X P
o PPP P Ip

Assumethat this in nite seriescorvergesfor all t 2 T and denoteit by
w(t): Then

K-

_X r (1)
VO e Op 0P 0 p )
_ X r (1)
e A YRR O R0
)é. k
p(OW(E) + r(t) = -

L POPIOP M p )

Hencewe seethat
_X r ()
WO =10 oo mp 0 ®
_ X_ r k+1 (t)
o P OP MR (M) :p ()

w (1)
and w(t) is a solution to (2.1).

We now derive somealternate formulasfor the solutionsgivenin Theorem
2.3. We note that

Yh k m
p()=es( ™) =p (e "();1)
k=0
by Lemma?2.1, and thus along with (1.5), we seethat
ke N0 _fo
o P OP*OP M) :ip (1) t (s)p(s)es 1 (s:t)

We may thereforere-expresghe summationsin our theoremwith the inte-
grals -

supT r(s)
t (s)p(s)er_1(s;to)

e 1(t; to)



for supT nite, and

Z 4
_ r(s)
&1l Gaee ity °

for supT = 1 : Thuswe nd the initial condition must be

faT  x(y . yswT)

M= TOpee (it . e a(supT;to)

whensupT exists, else

Wo = * r *(to) ‘1 r(s)

s P(to)P (to)p *(to) :1:p “(to) T . Opea(sit)

On the time scaleZ with p(t) = t this leadsto a factorial series(see
Example 3.4in [2]). It is alsoof interest to considerthis seriessolution on
T = R; whereall points areright-dense. Thusthe equationy  p(t)y = r(t)

becomessimplyy p(t)y = r(t) andy = 1’%): The seriesis then

o) _ X1

YO o~ Y w01 a0

which is a geometric serieswhich corvergesfor jp(t)j > 1; exactly as we
expected.

3. Examples

In this sectionwe give se\eral examplesfollowing from our previousre-
sults. The rst two are direct applications of the variation of constarts
formula.

Example 3.1 Solwe the dynamic equation

(3.1) y a@=9q 1

on the time scaleT = V. In this casep(t) = q, r(t) = g 1,and (t) =
t(g 1). By the variation of constaris formula given in Theorem 2.1, we
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obtain z
t
y(t) = G%(t; to)Yo + ) e%(t; B) ((qoI 11))
t 1
= et to)yo+  eu(tito)e(to; (1))~
to Zt )
= eyt et eltor ()=
o
= ex(t; to)yo + ex(t; to) 11
‘ ‘ to 9€z( ;o)
Note that
SR R R}
t 1+itg t 1+q 1 o
Therefore
Zeoy g Zog o
CE (W gt

[ e %(  to)li,
=[ e %(t; to) + 1],

and we get that

y(t) = ew(tito)yo + et to)[ € 1(t to) + 1]
e(t; to)yo 1+ eu(t;to)
(Yot Des(tito) I

By Lemma2.1,fort tg
Y qn
e%(t;to)= q= @=

2[to:t)

&=

_ - 1 . .
Soy(t) = Ct 1, whereC = % is a generalsolution to (3.1).

Example 3.2 Considerthe dynamic equation
(1)
(3.2) y (t+ 1)

on the so-calledtime scaleT = fH,gl_, of Harmonic numbers[1]. In this

casep(t) = (t(ﬂ) and r(t) = 1. By the variation of constaris formula

y=1




(Theorem 2.1), we obtain fort tg

Z,

1
yt)=e_w ,(Lt)yo+r e o (& ()—
() M ) ()
(@) (1)
Z, 1
ew o (Gtyo+r € wo( ())—
© (t+D) 30 © (D) ()
t

1
. + - _—
e 1 1 (tto)yo . e (6 () 0)

But (t) = —&, so

Zt
1
Y(t) = €n+2) (n+n) (Gto)Yot+  €n+2) (et () —
Z to ( )
t

att)yotr el ( ))%
X

ex(t; to)yo + (S)eut (s))%
32>£to;t)

e(t; to)yo + e(t; (s)

52>£t0;t)

er(t; to)yo + ei(t; to)e(to; (8))

s2[tost)

X 1

er( (S);to)
1

X 1

er( (9):to)

ew(t; to)yo + ex(t; to)
0

ex(t; to) @yo +

s2[to;t)

s2[to;t)

11
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If to = 0, then weggan use the fact (seepage 74 in [1]) that e (t;to) =

"L wheret=" [, ¢ sothat
0 1
n+1 0 X 1 A
y(t) = n o @YO"' o0
s2[to;t) N+l O
0 1
X 1 A
= (n+ + S
(n+1) @YO n+o
S2[to;t)
Xt 1
= + 1 +
(n ) Yo k=+2
k=0 |
Xt 1 '
=(n+1 +
( ) Yo . K+ 1

=(n+1)(yot+ (1) 1):
Hencea generalsolution of equation (3.2) isy(t) = (n+ 1)(yo+ (t) 1).

Example 3.3, For an example of Theorem 2.2, considerthe homogeneous
dynamic equation

(3.3) u (g> qQu=0
on the time scaleT = g'°. In this casep(t) = (qt> o) and (t) = (q 1t.
But the original equation can be written in the form

u gt®> Du=0:

Hence,we can apply Theorem 2.2. Thus it is sucient to solve for u(t)
wherep; (t) = gand uy(t) wherep,(t) = t?> 1. Sorst consideru; qu; = O.
Using equation (2.2), we obtain

us(t) = eq 1 (L to)ug = a1 (t;to)ug = ew(t; to)uo:
(t) (@ Dt t

By Example 3.1, uy(t) = Uog-
Next consideru, (t> 1)u, = 0. As before,by equation (2.2) we obtain

Ux(t) = eq2 1) 1 (L to)ug = €42 5 (t; to)Uo:
@) (a Dt

But by Lemma 2.1,
Y
uyx(t) = e2 , (t; to)up = Ug (2 1
(g Dt
2[tost)
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Thus, by Theorem 2.2, we can write the generalsolution of equation (3.3)
as
t Y
u(t) = Ugq2 4 1(t;to) = Ug— ( 1):
(g Dt 0 )
2[tost)
Example 3.4. By solving initial value problems,in somecaseswe are able

to nd formulas for exponertial functions. Considerthe nonhomogeneous
VP

(3.4) y ay=d"; y0)=0

on the time scaleT = Z. In this casep(t) = g, r(t) = g** and (t) = 1.

From the variation of constarts formula equation (2.2), we obtain
Z t

yt)= et ()g*t
0 Z
S
o &1l ( ):0)°
t 1 9

——(
geq 1( ;0)
ZOt 1

1 ‘
=& 1(t0) ~equ(:0)q™
o d

+1

= e 1(t; 0)

= e 1(t; 0)

Note that ( )
_ (@ 1)_1gq
(g 1)_1+q 1 q
and t t
e. q(t;0) = 1+l 9 = 1 :
a q q
Hence, .
t1 1 .
y(t) = & 1(t; 0) qq ¢ !
Zt 1 +1
= e 1(t; 0) a q*t
0
Zt
=g 1(t;0) 1
0
= teq 1(t; 0)
=t(l+q 1

t

:tq
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is the solution to the IVP (3.4).
In the next two exampleswe considerhomogeneous$VP's in orderto nd

a formula for the respective exponertial functions.

Example 3.5. Considerthe IVP
1+ pf
(3.5) u —pf—u =0, ul)=1
p_
on the time Fs)caIeT = N?:= ftj t = n%n 2 Ng. In this casep(t) = %
and (t) = 2 t+ 1. From equation (2.2), we obtain fort 2 T = N?

u(t) (t; D1

e%? N
(t)
= eng‘:_t' 1(t; 1)

20 t+1

=e 1, (1)
2t+

p_
Considerthe original equationu = lﬁf—‘u. By pluggingin the appropriate
valuesof t we nd

1+1
2%) = =2
u@) = =
1+ 2
u(3? = 2=3
2
1+
u(4?) = 33: 4
3
1+4
) = 4= 5
u(59) 7] 5
In general,
u(t) = pf:
Hence,
e (t1)= P t:
Fras A
Example 3.6. Solwe the IVP
22+ 1
(3.6) u mu =0, y@)-=1
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on the time scaleT = Nz = ft = n%j n 2 Ng. In this casep(t) = g:i*ll

From equation (2.2), we obtain fort 2 T = Nz
U(t) = 8212+1 l(t’ l)(l)

2t2 1
(1)

= €x241 224 (t; 1)
@2 1 ()

e o )(t; 1):

@tZ 1) (t

But considerthe original equation u (t) = g:i*llu(t). By plugging in the
appropriate valuesof t we nd

u@2}) = ;EBJ“ 1(1) -3
uEh = S @)= 2@ = 5
u@h) = 52O = ()= 7
u(s?) = 5524, 1(7) - 3(7) -9

Hence,

@z
By varying the time and interest rate of an IRA we are able to apply our

variation of constarts formula (Theorem 2.1) to nd out how much money
will be in the IRA aftertimet 2 T:

Example 3.7. Supposewe open an IRA accoud, initially at timet = 1, in-
vest$2,000and add an additional $2,000every time interestis compounded.
Let T = gV wherety = ¢° = 1. The interestis compoundedewery t = g
yearsand at arate of t%. How much will we havein the IRA at time t? How
much would we have at time t = (1:5)°?

Sincey(l) = 0, let y(t) be the amourt of money after time t = .
So

y (t) = y(t) + 2000+ :01t(y(t) + 2000)
y (t) = (1 + :01t)y(t) + (1 + :01t)2000

(3.7) y (1) (1+:01)y(t) = (1+ :01t)2000Q
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Hencewe get an equationof the formy  p(t)y = r(t) wherep(t) = 1+ :01t
and r(t) = (1 + :01t)2000, and we can sole for y(t) by the variation of
constarts formula givenin Theorem2.1to obtain

Z t
1+ :01 )2000
y(t) = €@+ :o1t) 1(t; ( ))( )
1 Q) ()
SinceT = g, (t)= (g 1)t. Thus
YA t

(1+ :01 )2000
( 1)

eo (t ()

y(t) = e(;&(t; ()
1 qu)t

_ 2000 Y1+ :01
q 1,

But =5 L isaconstart and SCLHE (t1)= Q W+ (q D% 01)s] = Q D+
:01s] (seepage74 of [1]). Hence

Z
20007 t1+:01 Y

y(t) = [1+ :01s]
9 1. s2[ ()in)
Therefore
Z, v
+
y(t) = 200;’ 1+:01 [1+ :01s]
9 1 s2[ ()i0)
0 1
X + 01
. &Of @ i+l [1+ :01s]A
q 200 s2[ (i)i) 1
X + :01i
- 20007 g )it Ol [1+ :01s]A

q

i2[1;t)0 s2[ (i)t)

X Y
= 2000 @1+ :01) [1+ :01s]A :
i2[1;t) s2[ (i)

Sothe solution of the IVP for the IRA problem is

0 1
X0 YO

y(t) = 2000 @1 + :01i) [1+ :01s]A :
i=1 s= (i)

If g = 1:5and n = 5 we calculate how much moneyis in our IRA after
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t = (1:5)° 7:59 soappraximately 6.59yearsafter our initial investmen,
we get

X Y
y((1:5)°) = 2000 (1+ :01) [1+ :01s]
i12[1;(1:5)°) i2[ (i);(1:5)%)
which is appraximately $11,025.71.

Example 3.8. We now consideran examplefor the SeriesSolution Theorem
2.3. On the time scaleT = ¢ = fOg[ fq'jn 2 Zg, this seriessolution can
be useful where p(t) and r(t) in (2.1) are both monomials. On this time
scale,we note that

r () = r(dt)

and thus advancinga monomial term k times will multiply the term in the
original polynomial r(t) by q raisedto k times the order of the term, i.e.

(x)"= (d% = xd:
We considerthe casep(t) = t andr(t) = At¢, where ; ;A;c2 R. Thus

we nd the seriessolution to y t y= Atcfort 6 0asfollows:
v = v
o PCOP (P *(D)p (1) :::p “(1)
_ R Achtc
L (Dat)( @) dt)
_ R Achtc
o kq(1+2+ i+ k) tk
_ )4 Achtc
= " |(q(k+§_)k tk
b3 o L
= At¢ — -
k=o U Q2

Now, we note that this seriescorvergesby the ratio test for all t 6 0 as

k+1
q° 2
k+2 ke+k c
. qz t . 2 .
lim — = lim iqzi = lim q—q ) = 0
ki1 " ki1 t q% ki1 t

k+1
qz t
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Thus for t 6 0 we have as a solution

)4 ch
y(t) = r(t) Dk,
ko d 2 (1)

for any monomialr (t) on the time scaleg?, and for t = 0, we note that 0 is
adensepoint in this time scaleandthusy (0) = y(0); andy (t) t y(t) =
r(t) becomessimply y(0) = r(0):

Example 3.9. For the time scaleN° = fn’n 2 Ng whereb2 R;b> 0, we
nd that for p(t) a monomial, the correspnding solution to (2.1) is

b

1
tb
€, 1(t; tO) = M ( l)
(o)
which is a solutionto u (t) = t u(t); u(tg) = 1 asthe readercan easily

verify.
Given this solution to the homogeneougproblem, we can now solwe cor-
responding nonhomogeneougquations.

Example 3.1Q0 Solwe the nonhomogeneouproblem

to
y ty=(tyn L ;)
(15)
Sincefrom the previous problem we have found the exponertial
|
1,° b
et 1(t, tO) - Nt ( tz)
(15)
we may useour variation of constarts formula (2.4) to nd
0
(t%). b o Zi se._ i(sitg)
t)y= ™ +
YO W T @ se LG
Z t
= e tt + S
e. 1(tto) Yo e

e, 1 (tto)(Yo+ ny):
This motivatesthe following corollary to the variation of constaris theorem:
Corollary 3.1. The solution to the IVP

y  p()y = f(t)ey(t; to);  Yy(to) = Yo
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where g2 R; p(t) 6 0; 82 T is givenby
Z11(s)ey »1(sito)
v P(S) (9)
Proof. By Theorem2.1, we have the solution of the given IV'P is

Z0 f(9)ey(sito)
L OPSes(sito)

y(t) = e 1(t;tg) Yo+

y(t) = e 1(t;to) Yo+

and since

&(t; to)

5 A (L) = eq(tito)e » 1(tito) = €, ( p1y(tito) = € o 1(t;to)

we have our desiredresult.

4. Enumera tions

By an erumeration on anisolatedtime scale,considerthe mappingn( ;to) :
T ! Z given by the courting function, and name eat point of the time
scalewith an index of the value of the courting function at that point.
Thus, our andhor point tq stays the same, (t) becomest;, 2(t) becomes
t,, and soon, again with the convertion that negative exponerts indicate
useof the badkward jump operator rather than the forward jump operator

For the problemy = (n;+ ¢)y; ¢ 2 R, erumerate the time scaleand
considerthe function valuesasthe elemets in a sequencewheret, = X(t)
and yx = y(tx). The solution to this recurrencerelation is then

y_ _ ((JJ;)C)yO; J 0 .
| j . .

e <0
For c = 0 on Z; the solution breaksat t = 0, but consideringthe solution
on the point t 0 we have an alternating sequenceof the reciprocals of
factorials, and fort 0 we have the factorials.

We now considera generalizationof our main problem, namely

y " p(t)y = r(b):

Viewing this asa recurrencerelation, we notice that only every k™" point is
connectedfrom any given initial value; for k = 2, this formula would only
relate points of even index to points of even index, and points of odd index
to points of odd index: the solutions on these two sets of points will be
independen of eat other.
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Theorem 4.1. Recurr ence Solution on Partitione d Time Scale
Consider the recurrence relation

(4.1)  pu(t)y T+ pAt)y FH i pa()y T+ qt)y = r(t);q(t) 8 0

and let g = gcdf a;g; k = maxf a;g. Partition the time sale T into the time
sales T, = ftjny(t; to) n(modg)g for 0 n < g: Then solving this
recurrence relation is equivalentto solvingan IVP of order g on each of the

time salesT, wheee the function is replaed by ~:= + + “+:::+
g 1,

Proof. First, we note that the function valuesyy;y, are related by this re-
currencerelation i
rl(tp) = r2(tq)

for somerq; r, which are linear combinations of the a;: To seethis, we note
that by looking at (4.1) with t = t, that y, must obey a relationship with
all points yp. 5, and then repeatedly applying (4.1) yields that vy, is related
to valuesyp: c,a; + coa0+ 2+ cran » Wherethe ¢'s are integer constarts, including
negative integersfrom looking badk along the time scale. Now, if there is
somepoint tq sud that

Yo+ diag+ doag+ i+ dnan = Yp+crai+ coaz+ i+ cnan

then thesevaluesarerelated through (4.1). Sincethe smallestpositive value
of a linear conbination of the a's is g then related function valuescan be
no lessthan g jumps apart, and sincethere exists somelinear combination
of the & with sum g then points g jumps apart are related by our formula.
Thus, we must have g setsof function valuesfor y which are not related to
one another by the equation, and theseindependen setsof solution points
arethe valuesonthe time scalesT,,. Now, sinceoneuseof the jump operator
on T, is equivalert to g usesof the jump operator on T, the order of the
recurrencerelation (4.1) is reducedby a factor of g on all time scalesT,,:
The corverseis obvious.

Thuswe nd that the solutionto y “ p(t)y=r(t);p6 Ois
y([T]) = y([Tn])
n2f 0;1;2;:::;,0 19
where [
Z r(s)
tn (S)P(s)€s_1(S;tn)

ijn = e%(t; tn) Yn +

Example 4.1 Solwe the sixth order recurrencerelation

6 3

(4.2) y y y=0
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on the time scaleg with tq = 1 and initial conditions
y)=1Ly@= 5y =8 107
y(@) = Ly = 9 y(d®) = 13 10°"

Noting that gcdf3;6g = 3; we rst partition g\° into three time scales
usingthe courting function nq(t; to) = log,(t=to) = log,(t); forming the cells
To = g™No; T, = g®o*: and T, = ®*2: On ead of thesetime scaleswe
considerthe recurrencerelationy ° 'y y = 0; which we recognizeasthe
relation generatingthe Fibonaccisequence.Thus, on T with initial values
1 and 1, we have the classicFibonaccisequencepn T, the initial conditions

5and 9 will give a Fibonaccitype sequencavith all terms negative, and
on T, our initial conditionsy(c?) = 8 10'%; y(cf) = 13 10" will give
Fibonaccisequencevaluesmultiplied by one googol.

5. Recurrence Rela tions and the Counting Function

Note that for f (t) 6 Ofor all t 2 T that for

(5.1) u = ff—u

a generalsolution to (5.1) is u(t) = cf (t): Now, in particular, if in (5.1) we
considerf (n;) rather than f (t) then we can view the problem as a simple
relation betweenfunctions of consecutie integersor termsin a sequenceas
f (n) = f(n¢+ 1). Now, we may thereforeapproad problemsof the form
y = p(t)y + r(t) by converting p(t) into a rational function of the form

ff‘(‘nj) : We note that any isolated time scalecan be erumerated by use of

the courting function 7
t
S
ne(t; to) = —
YT 6

Using this approad, we nd that many of our examplescan be solved an
easierway:

qnt+l
u =qu= o u=) u=cd"
with g™ = L on ¢?;t;to 6 O; asExample 3.1,
(1) c
u =—"u=) u= =
®"”

with 1. = n+ 1onfH,g} ; asin Example 3.2,

(t)
2+ n
u = u=) u=ch+1
1+, ) (ng + 1)
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and in particular, on N?> wheren(t; 1) = pf 1

1+pf P
u :—pf—u:) u=c t

asin Example 3.5, and on Nz: with n(t; 1) = t> 1 we seethat

27+ 1 (2n(t 1)+ 1)

S22 1 2n(t 1)+ 1
asin Example 3.6. This seemdo suggestthat it may be of valueto consider
recurrencerelations on time scalesas sequencesThe closureof the image
of the interior of any isolatedinterval of a time scaleunder a map which is
increasingand injective will againbe a time scale,asthe image of the open
interval betweenpoints will be an openinterval betweenpoints in the image.
Thus any portion of a sequencecan be transformedto be on any isolated
interval of a time scale,so long as the cardinalities match. The courting
function always providesa map bad to the integers,which seemdo suggest
that understanding the transformations between time scalesdepends on
studying the lengths of the imagesof intervals.

u=) u=c2n(t; 1)+ 1)
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