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Abstract
We will be concernedwith stability theory for dynamic equations on time scales.
Our main result deals with the stability of a perturb ed linear dynamic equation. We
give seweral examples where our theorem applies, including an application to the dy-
namic logistic equation.
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1 Intro duction

The study of dynamic equations on time scales was created by Stefan Hilger [4] to unify the
calculus of differential and difference equations, and to extend these to the calculus on time
scales. A time scale T is an arbitrary nonempty closed subset of the real numbers R. The
three most common examples of calculus on time scales are differential calculus, difference
calculus [6], and quantum calculus [5],i.e, when T=R; T=Nand T =g =fq : t 2 Nyg,
where 4> 1. Dynamic equations on time scales have great potential for applications such
as in population dynamics. For example, take an insect population that dies every October
1st leaving its eggs behind and the eggs hatch every April 1st. A model of this population
would include a continuous portion from April 1st to October 1st and a discrete portion the
rest of the year. A model without time scales would have to split this into two cases and
analyze each. With time scales one model could handle both portions of the year. A time
scale for this could be T =Py, := s [2k; 2k 4 1]. A cover story article in New Scientist [7]

k=0
highlighted the new possibilities that exist for modeling natural systems using time scales.
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Some of these applications include models of the West Nile virus, the stock market, and any
population models that vary in continuous time and discrete time.
The following general results come from the work of Hilger [4] and appear in the books
by Bohner and Peterson [1] and [2]. For t 2 T, we define the forw ard jump operator
:T! Thy
(t):==inffs2 T: s> tg

while the backward jump operator :T! T is defined by
(t) :=supfs2 T: s< tg:

In this definition we put inf; =supT (i.e., (t) =tif T has a maximumt) and sup; = inf T,
where ; denotes the empty set [1]. A pointt 2 T is defined to be left{dense if (t) =t and
t > inf T; and is righ t{dense if (t) =tandt < supT; and is left{scattered if (t) < tand
is righ t{scattered if (t) > t: Points that are right-scattered and left-scattered at the same
time are called isolated (also a left-scattered maximum and a right-scattered minimum are
said to be isolated). A function g: T ! R is said to be righ t{dense contin uous (rd-
continuous) if g is continuous at right—dense points and at left—dense points in T; left hand
limits exist and are finite. The set of all such rd—continuous functions is denoted by C,4(T):
The graininess function  for a time scale T is defined by (t) := (t) t. Define T to
be T M if T has a left-scattered maximum M , otherwise let T = T:

Deniton 1.1. Fixt2 T andlet x: T! R. Define x2(t) to be the number (if it exists)
with the property that given any > 0 there is a neighborhood U of t with

ix( (1) x(s)] x2M)[ () sl j(t) sj; foralls2 U:

In this case, we say x2(t) is the (delta) deriv ativ e of x at t and that x is (delta)
dieren tiable att.

Theorem 1.1. Assumethatg:T! Randlett2 T.
(i) If gis dier entiable at t, then g is continuous at t.
(i) If gis continuous at t and t is right-scattered, then g is di er entiable at t with

A
gi(t) =
(t) ©
(iif) If gis dier entiable and t is right-dense, then
Ay g 9() g(s).
9o () = lm =

(iv) If gis dier entiable at t, then g( (t)) =g(t) + (t)g2(t).
In this paper we will refer to the (delta) integral which we can define as follows:

De nition 1.2, If GA(t) = g(t), then the Cauchy (delta) integral of gis defined by
z t
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R
It can be shown that if g 2 C;y(T); then the Cauchy integral G(t) := tto g(s)As exists,
to 2 T, and satisfies G2(t) = g(t), t 2 T: For a more general definition of the delta integral

see [1] and [2].
De nition  1.3. We say that a function p: T! R is regressive provided
1+ (t)p(t)&0 forall t2T
holds. The set of all regressive and rd-continuous functions f : T! R will be denoted by

R =R(T) =R (T;R):

De nition  1.4. We define the set R™ of all positively regressive elements of R by
RT=R*T(T;R)=ff 2R:1+ ()f {)>0forallt2 Tg.

Theorem 1.2. If wede ne circle plus addition on R by

(P 9 ):=pt)+qt)+ (Hpt)qlt); t2T

then (R; ) is an Abelian group. The additive inverse of p under the operation is de ned
by

pt) .
L+ (H)p(t)’

De nition  1.5. We define cir cle minus subtraction on R by

p(t) :=

P q:=p (

De nition 1.6 (Hilger [4]). For h > 0, define Z, by
n . o]
Zn= 22Cj F< Im(z) no

and define Cp by

Ch= z2Cjz& %

For h =0, let Zy = Cy = C, the set of complex numbers.

De nition 1.7 (Cylinder Transformation). For h 0, we define the cylinder transfor-
mation p :Ch! Zp by

(
tLog(1+zh); ifh>0
Z,

@ = ith=0;

where Log is the principal logarithm function.
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De nition 1.8 (Exp onential Function). If p2 R, then we define the exponential func-
tion by 7
t

e (t;s) =exp (y(p( A for s;t2T;

S
where the cylinder transformation p(z) is defined in Definition 1.7.

Theorem 1.3 (Prop erties of the Exp onential Function). If p, g2 R andt, r,s2 T,
then

() eoft;s) landey(t;it) 1,
(i) e (1);s)=(1+ (pt))e(ts);

(i)  ois=e ptS);

(v)  e(ts)=gEm = p(Sit)
V) e&Gs)ep(sir) =e(tr);
(Vi) ep(tis)eq(tis) =& q(t;s);

(i)  2ES =& qts).

Next are the two Variations of Constants formulas [1], each corresponding to one of the two
forms of a first order linear dynamic equation.

Theorem 1.4 (Variation of Constan ts). Suppsef is rd continuouson T andp?2 R,
then the unique solution of the initial value problem

x2 = pt)x +f(t); x(tg) =Xo
where to 2 T and X¢ 2 R, is given by
Zt
X(t)=e p(tto)Xo+ € p(t; ) ()A:

to

Theorem 1.5 (Variation of Constan ts). Suppsef is rd continuouson T andp 2 R.
If to 2 T and Xg 2 R, then the unique solution of the initial value problem

X2 =pt)x +f(t); x(to) =Xo

is given by 7
t
X(t) =ep(tto)xo+ ety ()F()A:
to
Theorem 1.6 (Gron wall's Inequalit y). Lety;f 2 C,qandg2 R*;g 0. Then
z t
yt) f@t)+ y()ol )A forall t2T
to
imoli
implies z,

yit) f@)+ et; ()f()a( )A forall t2T:
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Theorem 1.7 (Bernoulli's Inequalit y). Let 2 Rwith 2 R™. Then

e(ts 1+ (t s)forallt s:

2 Main Results

For p2 R we define

g logil+ OPOE  (1)> 0;

= P (=0

fort 2 [to;1 )r.
The following result is a slight generalization of a result due to Gard and Hoffacker [3]
which we state and prove here for convenience.

Theorem 2.1. Letp2 R, ty 2 T, and assumethat r p(t) g fort2 [ty;1 )r. Then
g (t to) jep(t; to)j it to)
forall t2 [to;1 ).

Proof. This result follows easily from the formula

Rl
jep(tite)] = jero © (p(s))Asj
B <o 06))
= eRto (s) (P As
e xto p(S)AS;
and the fact that r p(t) g fort2 to;1 )r. -

Now consider the dynamic equation

XA

=9(tx); (2.1)
where we assume that solutions of initial value problems for (2.1) are unique and exist on the
whole time scale interval [to; 1 )7, which we assume is unbounded above. We let X (t; t1;X1)
denote the unique solution of the initial value problem (2.1), X(t1) = X;. For convenience,
we assume ¢(t; 0) = 0 so that X(t) 0 is a solution (called the trivial solution) of (2.1).
Next we define the different types of stability that will be of interest to us in this paper.

De nition  2.1. The trivial solution of (2.1) is stable on [ty;1 ); provided given any
t1 2 [to;1 )yand > 0, thereisa = (ty; ) > Osuchthatifjx;j < ,thenjx (t;ti;Xx;)j <
for all t 2 [t;;1 );. The trivial solution of (2.1) is asymptotic ally stable on [to;1 );
provided it is stable on [to; 1 ); and given any t; 2 [to;1 )1 thereisa ; = 1(t1) > 0 such
that lfjxlj < i, then

t}%m X(t; t1;x1) = 0:
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In the latter case the trivial solution of (2.1) is exponential ly asymptotic ally stable on
[to;1 )7 provided given any t; 2 [to;1 )y, thereisa K =K (t;) > 0, > 0, and q> 0
such that

x(tt;xy)j Ke 9t Wijx,j
for t 2 [t;;1 );. If K does not depend on ti, then we say that the trivial solution is
uniformly ~ exponential ly asymptotic ally stable on [to;1 ).

We will be concerned with the almost linear dynamic equation
x2 = p(t)x +f (t x); (2.2)

where we assume throughout that solutions of initial value problems for (2.2) are unique
and exist on the whole time scale interval [tg; 1 )1, and we will let X(t) = X(t; t1;X1) denote
the unique solution of the IVP (2.2), x(t1) = X;.

The following theorem corresponds to Theorem 5.3 in [3] where they seem to ignore a
certain expression (see (2.4)) which could be unbounded.

Theorem 2.2. Let [ty;1 )1 be unboundel alove, and let N be a neightorhood of x = 0.
Assumef (t; x) is a real-valued continuous function for (t;x) 2 [to;1 )v N which satis es
the condition .

lim (tx)

M

1o X
uniformly for t 2 [to;1 ). Also assume

=0 (2.3)

1
j1+ (Hpt)

for t 2 [to;1 )y for someM 2 R*. If p2 R and q := limsup p(t) < 0, then the triv-
til

M (2.4)

ial solution of (2.2) is exmnentially asymptotically stable on [to;1 )r. Furthermore, if
q:=supf ,(t):t2 [te;1 )rg < 0, then the trivial solution of equation (2.2) is uniformly
exmnentially asymptotically stableon [to;1 )r.

Proof. Let x(t) = X(t; t1;X1); then by the variation of constants formula in Theorem 1.5 we
have

Zt
X(t) = ep(tity)x+ t &t ( DF(5x()A
Z, !
e p(tt)x(t) = xi+ e p(tit)en(t; ())F (ix())A
z
= x1+ eptit)e p( ( )Hf(x()A
z:

= xa+ e p( (ht)f (5x()A:

ty

From (2.3), we have given > 0, there exists a > 0 such that jf (t; x)j jXj for
t2 [to;1 ), jxj < . Now assume jX1j < , then for those t 2 [t1;1 ) such that jx(t)j <
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we have

je p(t ty)x ()]

In Gronwall’s Inequality (Theorem 1.6) we let f (t) = jx4j, g(t) =

je p(t; ti)x(t)j. We get

je p(t t)x(t)]

Therefore,

as long as jx(t)j <

: 1
Stnce 50y

gtt)=e

(1))

Z
xij + 2Je p( ()it)iif (:x())jA
xij + t je p( ( )ito)iix( )iA
Z
xij + : je p( ()it)x()iA
Z'
xaj + : i+ p0) e p(t)x( A
Z'
Xaj + ( )jje o st)X( A -

t1 Jl+ ()p

11+ Op®)i°

Zt
jXaj + t et ())ixija( )A
1 Zt

Xaj +Jx4j t e o ()Ha()A

Z,
Xaj +jx4j t 1+ () 9 )]e g( ;t)g( )A

Zl
ot 1 _
iX1j +X1j i me o( s)9( )A
Xaj o jxaj t (9 )e g(:H)A
ixij jxijle g( ;t)] jl
xij jxajle o(tt) e g(tist)]

jX1jeg(t; t1):

iXajiep(t; th)jeg(t; th)

M fort 2 [to;1 )7 for some M 2 R* we get

Rt
CE) O (o)A
W(t’tl)_exl i+ (e )i
t (7)A ..
e 1\ (p( ] (by Definition 1.7)
M oA

R
et

_ M ().

67

and y(t) =
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Therefore,
() jep(t ty)je" © Wjxyj:

Let g := limsupy;  p(t) < i < 0, then there exists a T 2 [to;1 )7 such that p(t)
< Oforallt2[Ty;1)y.
Using this, Theorem 1.3, and Theorem 2.1 we have for t 2 [t;;1 )t
JX(1)] jep(t; ta)jie" ¢ Wi,
= Jep(t Tofjep(Tuita)je" ¢ jjxy]
e (t Tl)jep(Tl;tl)jeM ® iy

Now let ) )
k - 1&(Tt)i.
T o (T th) !
then
ix(t)j Keh(t tgh ( iy,
K e(@+M )t tjyj (2.5)

fort 2 [t1;1 )7 as long as jx(t)j < . Since q; < 0, choose > 0, sufficiently small, so that
g1 +M < 0. Note here that if jx4]j is sufficiently small then jx(t)j < fort 2 [t1;1 )1, so the
above steps are correct. But then we get that equation (2.2) is exponentially asymptotically
stable on [to; 1 )7:

Now suppose q := supf p(t) : t 2 [to;1 )vg < 0. This implies ,(t) < 0 for all
t2 [to;1 )1. Let ty 2 [to;1 )r, then by Theorem 2.1 we have

jep(t; th)] it 1)

From this and (2.5),

jX(0)j = jx(t; ti;x1)j K eIt t)eM (& )iy,
K eld+M )(t tl)jxlj:

Since g < 0, we can choose > 0, sufficiently small, so that g+ M < 0. Therefore, the
trivial solution of (2.2) is uniformly exponentially asymptotically stable on [tg;1 )r. O

Once we see the proof of Theorem 2.3 it is easy to prove the following result concerning
the linear homogeneous dynamic equation

x5 = p(t)x: (2.6)

Theorem 2.3. Assumep 2 T. If limsup,;  p(t) = g < 0, then the trivial solution of
(2.6) is expnentially asymptotically stableon [to;1 )r. If p(t) q< 0, fort 2 [to;1 )T,
then the trivial solution of (2.6) is unifomly exmnentially asymptotically stableon [ty;1 )7.
If liminf;y  p(t) =q> 0, then the trivial solution of (2.6) is unstableon [to;1 )r.
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As a corollary we now get a result due to Gard and Hoffacker [3].
Corollary 2.4. Suppsep is a regressiveconstant with p< 0. If

2
limsup (1)< =;
t11 p

then the trivial solution of (2.6) is exmnentially asymptotically stableon [tg;1 )t: If

supf (t):t2 [to;1 )1g< %;

then the trivial solution of (2.6) is uniformly exmnentially asymptotically stableon [t;1 )t:

Proof. For a constant p2 R define the function by

Llogjl+ pj; > 0; &

()= 0 —o0:

Note that when p is a constant

p()= ( (1) t2te;1 )

For p < 0, the graph of the function 1is given in Figure 1.

aHL

m
Pl -€ép€€€ - é€5¢§é‘éﬁ€€€€€€€€€

Figure 1: Graph of y = () where the constant p < 0.

From this graph we see that

2
limsup (1)< =;
t11 p

implies that
litrﬁsup p(t) = li{ﬁsup (t)<o:

Also 5
supf (t);t2 [to;1 )rg< o
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implies that
supf p(1);t 2 [to;1 )rg < O:

The conclusions of this corollary then follow from Theorem 2.3. O

Similar to the proof of Corollary 2.4 we can use Theorem 2.1 to prove the following
result. This result appears in [3] but we need to assume (2.4) holds and we do not see how
to eliminate this assumption.

Corollary 2.5. Supmsep(t) pis a regressiveconstant with p < 0. Assume (2.3) and
(2.4) hold. If limsupy;  (t) < % then the trivial solution of (2.2) is exmnentially

asymptotically stableon [to;1 )r: If supf (t):t2 [tg;1 )rg< , then the trivial solution
of (2.2) is uniformly exmnentially asymptotically stableon [tg;1 )t:

Tl

We now give a result where the linearized equation is unstable implies the almost linear
system (2.2) is unstable.

Theorem 2.6. Let [tg;1 )t be unbounded and let N be a neightorhood of x = 0. Assume
f (t; x) is a real-valued, continuous function for (t;x)2 T N and

lim (5%
x! 0 X

=0

uniformly for t in T. Supmwsep 2 R and liminfy;  p(t) > 0. Then the trivial solution of
(2.2) is unstableon [tg; 1 ):

Proof. Since liminfy;;  p(t) > 0 and limy ¢ f(;—x) = 0 uniformly on [to;1 )7, there is a
p>0,at; 2 [to;1 )t such that p(t) pfort2 [t;;1 )r andif 0< < p, then there is a
1 > 0 such that if jxj < 1 then jf (t;x)]  jxj for allt 2 [to; 1 )t:

Suppose the trivial solution of (2.2) is stable on [tg; 1 )t: Then there exists a o satisfying
0< o 1 such that if jx1j < 2, then jx(t) := x(t; t1;X1)j < 1 for allt 2 [t;;1 )r. Fix
0 < X3 < g, then X(t1) = X3 > 0. We claim that x(t) > 0 on [t;;1 )r. If we assume not
then there is a point ty 2 [t1;1 )7 such that

X(t2) 0; and x(t)> 0; t2 [t;;to)r:
Then

X2(t) = POX(t)+T (tx(1))

(t)
(t) x()j

x
—~

—
~—

(
(P x() (2.7)

for t 2 [ty;t2)7: But this implies X(t2) > 0 which is a contradiction. Hence x(t) > 0 on
[t1;1 )t and hence (2.7) holds on [t1;1 )7: But then it follows that

Xt)=x(ttx) e (Gto)x; t2 [t 1)y

which contradicts the fact that jx(t)] 1 fort2 [t;;1 )r:
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3 Examples

In population dynamics, the logistic equation is used frequently to model changes in popu-
lation. It is written

x2=la (9% (3.1)

where gx 2 R. Note that (3.1) can be written in the form

oAb g,

1+ (t)g(t)x 1+ (t)g(t)x

It is pointed out in [2] why this is the true logistic equation for time scales.

Example 3.1 (Logistic Equation). Suppose a 2 R is a constant and N > 0 is a constant,

and define )

=—a N>0:
97N
In this case the dynamic logistic equation is
a a
x2 x2: (3.2)

T1+ Wax. NI+ (Oax)

If x(t) is the population of some species at time t, then the constant a is called the intrinsic
growth rate and K is called the satur ation level or envir omental carrying capacity
of the population.

We are interested in the equilibrium solution

x(t) =N:

Since our results concern the stability of the trivial solution we let

where X is a solution of (3.2). It can be shown that y then solves the dynamic equation

ay?
N1+ ®a)+ (ta 2My)

y2 =( a)ty+ ; (3.3)

which is of the form (2.2).

Consider the time scale T = hZ. Let p = ( a)(t) = = (at)a = 17ha- Then it can be
shown that p< O and (t) =h< %iffa< Zora> 0;and p> 0iff # < a< 0. Hence

by Corollary 2.5, we have that if a < % or a> 0, (3.3) is uniformly exponentially stable;

and by Theorem 2.6 if # < a< 0, (3.3) is unstable.

Note that neither Theorem 2.2 nor Corollary 2.5 applies to this example when

2ca<c L
h h’
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But, in this case, we can use Corollary 2.27 in [2] we get that if X > 0, then the solution of
the IVP (3.2), X(to) = X is given by

1
X(t) =
v L4+ L Loe j(tt)
N Xo N pit to
_ 1
NL‘F % Ni ea(t; to)
— 1 .
o t to "
rt & o (+ah)T

Note that since 1< 1+ ah < 0, limy; x(t) = N. Hence we see that the equilibrium
solution X(t) = N is asymptotically stable if

2 < a< 1
h h'
Example 3.2. Consider the dynamic equation

A

X2 =px x? (3.4)

with the time scale composed of infinitely many copies of the Cantor set C, that is
r
T= ft=n+c; c¢c2Cg
n=0

and p= 1. Note that sup (t) = % and that inf (t) =0. Observe that all the conditions
of Corollary 2.5 are satisfied:

p < 0
2
sup (t) < — = 6;
(t) 5
and
1 B 1 )
i+ M 1 3 )
where this quantity reaches its maximum at sup (t) = % Thus
1 9
1 =M
3@ 8
and finally
X2
lim — =lim( x)=0:
x! 0 X x! 0

Therefore, the trivial solution of (3.4) is uniformly exponentially asymptotically stable.
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